A Probabilistic Diffusion Weld
Modeling Framework

A probabilistic modeling framework realistically accounts for manufacturing
variability and successfully models bond impact strength in Ti-6Al-4V

BY V. R. DAVE, I. J. BEYERLEIN, D. A. HARTMAN, AND J. M. BARBIERI

ABSTRACT. Physics-based modeling of
critical diffusion welds is problematic at
best and, in practice, semi-empirical ap-
proaches are employed. This work reviews
existing pore closure models identifying
their shortcomings vis-a-vis actual manu-
facturing environments. A framework is
developed that incorporates realistic man-
ufacturing process attributes such as sur-
face topography into pore closure models.
Relevant quantities are represented as
distribution functions instead of deter-
ministic values, and manufacturing attrib-
utes are then correlated to parameters in
these distribution functions. Using a
Monte Carlo approach, the distribution of
residual joint porosity as a function of
both manufacturing attributes and bond
process conditions (time, pressure, and
temperature) can be derived. Existing
models do not capture joint strength, so an
additional objective of this work is to
model the relationship between residual
joint porosity and joint impact strength by
applying probabilistic failure models. Fi-
nally, this overall approach is applied to
model impact strength data of diffusion
welds in Ti-6Al-4V.

Introduction

Diffusion welding has been success-
fully applied to critical components for the
past 30-plus years. For demanding appli-
cations such as gas turbine engines, there
are extreme quality requirements and sig-
nificant process control challenges (Refs.
1-4). As a practical matter, manufacturers
have resorted to empirical process devel-
opment, occasionally augmented by
process modeling. Physically motivated
analytical approaches have seldom met
with success in accelerating development
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efforts. The reasons for this are numerous
but include:

1) No clear methodology for incorpo-
rating realistic manufacturing process at-
tributes into physically motivated models

2) The lack of a linkage between pore
closure models and mechanical properties

3) Insufficient or inaccurate materials
data to evaluate all the material constants
in pore closure models

Although infrequently used in the past,
analytical models are useful. Diffusion
weld quality assurance for critical applica-
tions is presently based on exhaustive and
expensive nondestructive and destructive
examination. Due to the extreme conse-
quences of an in-service failure, this con-
servative strategy is adopted. From a man-
ufacturing perspective, in-process quality
assurance is desired, capturing all relevant
manufacturing process attributes. From a
design engineering perspective, assess-
ment of component reliability as a func-
tion of manufacturing attributes is needed
while minimizing specimen testing. For
example, the fracture and fatigue proper-
ties of diffusion welded articles exhibit a
strong dependence on residual porosity
level, pointing to the need for probabilis-
tic approaches to characterize the depen-
dence of mechanical properties on poros-
ity. Achieving these objectives would
significantly reduce manufacturing cost
and reduce the engineering effort needed
to qualify new designs or processes. Im-
proved modeling can therefore benefit
manufacturing quality assurance as well as
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design reliability, and this work represents
an initial effort along these lines. This is
done by first relating machining process
parameters to an initial porosity distribu-
tion, then allowing pore closure models to
operate on the initial pore distribution to
give a final pore distribution, and, finally,
making the link between porosity and
weld impact strength. Weld impact
strength is chosen because it conserva-
tively assesses weld quality.

Review of Existing Pore Closure
Models for Diffusion Welding and
Their Shortcomings

The first conceptual process model by
King and Owczarski (Ref. 5) had four
stages — Fig. 1: 1) initial contact, 2) at-
tainment of intimate interfacial contact,
3) grain boundary diffusion/migration,
and, finally, 4) volume diffusion. Initial
contact is limited to a few asperities, fol-
lowed by Stage 1, in which the asperities
are crushed. Stage 2 involves grain bound-
ary diffusion and migration, whereas
Stage 3 consists of volume diffusion to
isolated voids. King and Owczarski of-
fered a conceptual framework but did not
quantitatively model pore closure.
Kellerer and Milacek (Ref. 6) also identi-
fied creep and bulk diffusion as mecha-
nisms through which intimate surface
contact is developed. Another early work
by Hamilton (Ref. 7) proposed that the
diffusion welding process consists of four
steps: 1) development of intimate interfa-
cial contact, 2) formation of the metallic
bond, 3) interdiffusion, and 4) recrystal-
lization/grain growth. Hamilton modeled
pore closure dominated by plastic flow
with asperity crushing and successfully
identified the pressure required to
achieve joint tensile strengths approach-
ing base material properties. Ironically,
this early work offered predictive capabil-
ity with respect to joint strength, whereas
in subsequent works, this link to mechan-
ical properties is absent.

The first quantitative pore closure
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Fig. 1 — Schematic illustrating stages of diffu-
sion welding.

Fig. 2 — Weld surface topography. A — Idealized but inaccurate representation of pore distribution;
B — schematic representation of the intersection of cutter marks of two machined surfaces.

model including multiple mechanisms
was by Garmong, Paton, and Argon in
1975 (Ref. 8). Garmong et al. included the
effects of surface topography by charac-
terizing long and short wavelength sur-
face features and proposed multiple local
pore closure mechanisms, namely creep
and vacancy diffusion. They were also the
first to realize surface waviness (long
wavelength features) could dominate the
time required to attain interfacial contact
but that local pore closure determines the
rate of final densification and the residual
porosity distribution. The physics of pore
sintering based on surface energy and
power law creep mechanisms is traceable
to Coble (Ref. 9) and Wilkinson and
Ashby (Ref. 10). Coble (Ref. 9) examined
both surface energy and creep as driving
forces, whereas Wilkinson and Ashby
(Ref. 10) examined in greater detail the
influence of creep.

The next significant extensions to pore
closure models are found in a series of
works first by Derby and Wallach (Refs.

11-14) and later by Hill and Wallach (Ref.
15). These models incorporate multiple
pore closure mechanisms dominant at var-
ious stages in the welding process. Table 1
outlines these mechanisms and their un-
derlying physical driving forces (Ref. 15).
Although this series of models culminat-
ing in Ref. 15 significantly advanced un-
derstanding of pore closure mechanisms,
the claim of the authors in Ref. 15, namely
that modeling can “...virtually eliminate
the need to experimentally optimize bond-
ing conditions,” is unfortunately not real-
ized in industrial practice.

Additional models include Pilling et al.
(Ref. 16) and Guo and Ridley (Ref. 17),
who examined the diffusion welding of Ti-
6Al-4V. Pilling et al. (Ref. 16) considered
creep as influenced by effect of grain size.
Guo and Ridley expanded upon this work
to incorporate diffusion effects and the
role of void shape and phase proportions
(e.g.,o.and P phases). Takahaski and Inoue
(Ref. 18) examined the method in which
creep and diffusion terms are combined

under various loading conditions. They
found that void shrinkage depends on
macroscopic mechanical constraint, i.e.,
boundary conditions imposed by tooling.

There is significant former Soviet
Union work on diffusion welding mecha-
nisms relevant to modeling. References 19
and 20 identified the importance of the
local strain at the interface. One work ex-
amined relaxation of machining-induced
residual stresses and found these strain
rates to be twice as large as bulk creep
rates (Ref. 21). Additionally the effects of
rolling texture on joining kinetics have
been examined for Alloy VT6 (aerospace
grade Ti-6Al-4V) in Ref. 22. Several works
examined the effect of residual gas at the
weld interface, the dissolution kinetics of
surface oxides, and the dependence of
weld strength on the amount of surface
oxide initially present (Refs. 23-25, re-
spectively).

Now the shortcomings of current pore
closure models are critically examined. Al-
though this work does not address all of
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Table 1 — Pore Closure Mechanisms and
Their Underlying Physical Driving Forces

Pore Physical
Closure Driving
Mechanism Force(s)

1 Plastic yielding Mostly determined
of asperities by stress state
during initial at bond
contact

2 Creep

3 Surface diffusion
from a surface
source to a
neck (intersection
region separating
two pores)

4 Volume diffusion
from a surface
source to a neck

5 Vapor-phase
transport from
a surface
source to a neck

Differences in
surface curvature,
so these
mechanisms cease
when pores no
longer have
varying radii

of curvature

6 Diffusion along
the bond interface
or a grain boundary
from interfacial
sources to a neck

7 Volume diffusion
from interfacial
sources to a neck

Chemical potential
gradient, which
will be influenced
by local stress
state

Fig. 3 — Important geometrical parameters that
determine the intersection problem.

these, the modeling framework presented
here is a useful starting point in making
pore closure models more realistic. The
most limiting shortcoming is that current
models do not address the issue of joint
strength. In solid-state diffusion welds the
weld impact strength is the most sensitive
measure of weld imperfections such as
residual porosity or contamination (Ref.
26). The impact strength can drop signifi-
cantly due to small fractions of residual
porosity. Other than the early work by

Hamilton (Ref. 7), the authors are not
aware of a single work that attempts to
model any aspect of diffusion weld me-
chanical properties. The probabilistic fail-
ure model in this present work is, there-
fore, the first of its kind as applied to
diffusion welding.

Another shortcoming addressed in this
work is the fact that current pore closure
models portray weld surface topography
too simplistically: actual engineering sur-
faces are not ideal arrays of pores. Al-
though recognized by some workers (e.g.,
Ref. 14), to date there has not been a
method proposed to account for this topo-
graphic variability. This work addresses
surface topography in two ways. Firstly,

the statistical problem of randomly inter-
secting circular machining marks is solved.
Secondly the surface roughness on a mi-
croscopic scale is specified by distribution
functions, and the nonlinear ordinary dif-
ferential equations (ODE) in pore closure
models then operate on such distribu-
tions. This is accomplished by a Monte
Carlo method (see Appendix). It should
be noted the proposed framework can be
used to model any manufacturing uncer-
tainty/variability including material prop-
erties, boundary conditions, etc. The phys-
ical phenomena not addressed in this work
include weld contamination, material tex-
ture, residual stresses, and the effect of
microstructural evolution on creep.

Probabilistic Approach to
Pore Closure Models —
Problem Formulation

The problem of weld surface topogra-
phy will now be addressed. The idealized
but incorrect representation of the weld
plane is shown in Fig. 2A. Real surfaces
are typically prepared using circular mo-
tion and a cutting tool with some specified
cutting speed (surface velocity of tool rel-
ative to workpiece) and feed rate (dis-
tance between adjacent engagements of
tool and workpiece). The part is generally
larger than the cutting tool path and there-
fore the intersection of cutting tool marks
from adjacent cuts is better represented by
Fig. 2B. The black lines are cutter marks
on one faying surface intersecting at some
angle the gray machining marks on the op-
posite surface. It is assumed in this work
that these circular marks randomly inter-
sect. In addition to the intersection of cut-
ter lines, other manufacturing attributes
determining initial porosity distribution
include the feed and the surface rough-
ness. To a first approximation these three
local surface quantities, feed, roughness,
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Fig. 4 — Intersection of cutter marks. A — Normalized PDF for angle of intersection y; B— CDF corresponding to PDF shown in Fig. 4A.
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and the intersection angle, determine the
distribution of initial voids.

The prototypical intersection event oc-
curs when two circular marks cross, as
shown in Fig. 3. The important variables
are the center-to-center spacing D, the
cutter radius R, intersection angle vy, and
the feed spacing d when considering the
marks immediately adjacent to the two in-

tersecting circles. From elementary geom-
etry, we see that

2 2
y=2~tan'1 [1] -1
0

Fig. 5 — Initial porosity distribution locally described as arrays of ellipsoidal pores.

where R is the cutter path radius, and
0= 2, 0<o<1
2R
1)

Since the circles are assumed to intersect
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Fig. 6 — Initial pore distribution. A — Example of a normalized PDF for initial pore size; B— CDF corresponding to PDF shown in Fig. 6A.
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Fig. 7— Evolution of pore size distribution. A — As a function of externally applied weld pressure; B— as a function of weld time at a given applied pressure.
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Fig. 8 — PDFs showing evolution of weld quality. A — As a function of applied pressure; B— as a function of weld time at a given pressure.
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Fig. 9 — Schematic of 1-D lattice model of a diffusion weld. A — Welded vs. unwelded elements; B— CDFs for pore nearest neighbor spacing as a function

of porosity level.

Table 2 — Material Constants Used in

Modeling Pore Closure

Material
Constant

Y, pore
surface energy

D, diffusivity

K, material
parameter in
constitutive equation
for material

creep

o,, material
parameter in
constitutive equation
for material

creep

Q, vacancy

volume

B, vacancy

sink radius

(assumed to be
identical to

average value of

the feed spacing d)

Numerical
Value (cgs units)

1000 erg/cm?
10~ cm2/s

4.235x 10-12
(dynes/cm2)-!

3.275x10-6
(dynes/cm?)

2.7x10-23 cm3

0.01778 cm

S

at random on the weld plane, ¢ may be
thought of as a uniform random variable
on the interval [0,1]. Equation 1 then gen-
erates the probability density function
(PDF) and the cumulative distribution
function (CDF) for the angle of intersec-
tion . The PDF is the frequency of occur-
rence of a particular quantity, whereas the
CDF is the probability that the given quan-
tity will assume a value less than or equal
to a specified value. A Monte Carlo
method as described in the Appendix is
used to perform the evaluation. The his-
togram bin size for the angle v is 0.025n
over the range [0,n]. The resulting nor-
malized PDF and CDF for the angle of in-
tersection 7y are shown in Fig. 4A and 4B,
respectively. These calculated distribution
functions are continuous but “serrated”
on account of the finite bin size. These dis-
tributions are independent of cutter size
and are valid as long as the assumption of
random intersection is met.

The feed d is assumed to obey a distri-
bution function as well. Typical feed rates
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for the finish machining of titanium are on
the order of 178 micrometers/rev (0.007

in./rev) (Ref. 27). The feed rate varies due
tovibration in the tool or fixture, tool wear,
and material hardening during cutting and
residual stress-induced surface deforma-
tion. In practice the distribution function
for the feed spacing can be experimentally
determined from surface profile traces
measuring the distribution of peak-to-
peak spacing. Similarly, the initial void
depth 4 is correlated to the surface rough-
ness of the as-machined surface as well as
subsequent steps such as chemical clean-
ing. In this work it will be assumed that
both d and & are normally distributed.
Using the relationship in Equation 1
and assuming d and 4 follow normal dis-
tribution laws, the initial distribution of
porosity is calculated, i.e., initial condi-
tions for pore closure models. Figure 5 il-
lustrates that if the feed is much smaller
than the cutter path radius R, then the
local surface intersection problem is re-
duced to the problem of an array of ellip-
soidal pores specified by d, 4, and 7. In this
work a further simplifying assumption will
be made: “equivalent” spherical pores are
assumed because the model by Garmong



et al. (Ref. 8) used in subsequent calcula-
tions is only valid for spherical pores. The
models of Derby and Wallach (Refs.
11-14) and Hill and Wallach (Ref. 15) are
capable of handling elliptical pores. More
complex models would be a numerical ex-
tension of this work without significant
qualitative differences. The equivalent
spherical pore radius will be taken as the
radius of a spherical pore with the same
volume as an ellipsoid.

Tequiv = i/hdzcos[lJ : sin[lj
2 2
(@)

Figure 6A shows the normalized PDF for
the initial pore size assuming the follow-
ing: d,pqn = 178 micrometers (0.007 in.)
with an assumed standard deviation of
17.8 micrometers (0.0007 in.), 4,,,.,, cor-
responds roughly toR,, . and R,,, ., = 2.54
micrometer (100 microinch), and the stan-
dard deviation for £ is assumed to be 0.254
micrometer (10 microinch). Figure 6B
shows the corresponding CDF. Note the
skew-type asymmetry of this distribution.
Next, the initial pore size distribution is
incorporated into mechanistic models for
pore closure. The initial pore size is as-
sumed to be a continuous random variable
with distributions as described by Fig. 6A
and 6B. The final pore size will therefore
be a function of this random variable, also
depending on parameters such as pressure
and temperature. To find the distribution
function for the final pore size given the
distribution for the initial pore size, the
following identity is invoked (Ref. 28):

Given random variable X and
a function’Y = g(X )

where g(X ) is a monotonic

function of X, then
CDFY(t) = P(Y < t)

= P(X < g'l(t))

CDFx(g_l(t)) o

For the simple case in which the final
pore size depends only on the initial pore
size with pressure, temperature, etc., ap-
pearing as fixed parameters, equating
probabilities for equivalent events as for-
mally described in Equation 3 is valid. In
this case the function g is the solution to
the ODEs for pore closure. If, however,
pressure and temperature also obey distri-
butions, or if more complex models are
used involving more than one random
variable, Equation 5 cannot be used be-
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cause there will be multiple ways to create
equivalent outcomes. In such cases, a
Monte Carlo approach is used — Fig. Al.

As previously mentioned, the model
used in this work is due to Garmong et al.
(Ref. 8). This model is described by the
ODE:s below

dt TOTAL dt CREEP

da
+ —_—
t ) pirrusion “4)

where a is the pore size and ¢ is the elapsed
time.

The creep and diffusion contributions
are specified by

dt DIFFUSION kT

d 2
: _y+Pext
a(d—a) a

(52)

where D is the diffusion constant (self-dif-
fusion for vacancies); Q is the vacancy vol-
ume; k is Boltzmann’s constant; 7T is the
absolute temperature; d is the spacing be-
tween pores, i.e., the feed rate; v is the
pore surface energy; and P, is the exter-
nally applied stress.

[ da ] _ 3K
dt CREEP 4

{20‘0 ln[é] + [2—7/ +P, Py j} .
a a
-1
a’ (b)

where K; is a material constant in a con-
stitutive creep model described in Ref. §;
G, is also a material constant in a consti-
tutive creep model described in Ref. 8; d is
the spacing between pores, i.e. the feed
rate; and P;,, is the pressure inside the
pore due to trapped residual gas.

These equations were solved using a
fourth-order Runge-Kutta method (Ref.
29) with fixed step size. The material con-
stants used from Ref. 8 are reproduced in
Table 2. Equations 5a and 5b were numer-
ically integrated using the initial pore size
distribution shown in Fig. 6A. For a given
initial pore size, the final pore size was cal-
culated. The probability associated with
the given initial pore size as in Fig. 6B was
also assigned to the corresponding final
pore size to create the CDF for final pore
size in accordance with Equation 3.

Probabilistic Approach to Pore
Closure Models — Model Results

The resulting CDFs for final pore size
are shown in Fig. 7A for various levels of
applied external load, namely 0.6895 MPa
(100 1b/in.2), 3.448 MPa (500 1b/in.2), and
6.895 MPa (1000 1b/in.2) at a weld time of
one hour. Alternatively at a stress of 3.448
MPa, the effect of varying weld time is
shown in Fig. 7B. These CDF's were then
fitted to the following functional form
using a nonlinear least squares algorithm:

G(z) = erf[A 2B } o

where 4 and B are parameters and erf is
the error function.

The resulting fitted CDF's were differ-
entiated to get the corresponding PDFs, as
shown in Fig. 8A and B. Figures 8A and B
show PDF's with equivalent weld quality
shown on the abscissa. This quality was
calculated as follows:

for any given pore size,
porosity fraction = a

d
equivalent weld quality = 1

. . a
— porosity fraction = 1 ——

)

Asweld quality improves, the PDFs become
more sharply peaked — a phenomenon ob-
served in actual production situations (Ref.
30). It is, therefore, seen that even a simple
mechanistic pore closure model, when com-
bined with the probabilistic framework pro-
posed herein, produces results representa-
tive of production situations. The link to
impact strength is equally important and
will now be established.

Statistical Models for Composite
Strength and Their Applicability
to Modeling Impact Strength for
Diffusion Welded Components

The strength model used is due to
Phoenix and Beyerlein (Refs. 31, 32), who
developed a series of probabilistic models
for the failure of composites by consider-
ing load-sharing effects, random strength
flaws, and clustering of failure sites. One
model in particular (Ref. 31) predicts the
CDF for strength of a 1-D “weld line” con-
sisting of an initial distribution of intact
welded ligaments and broken ligaments or
pores. This model may also be used to
model impact tests performed on diffu-
sion welded Ti-6Al-4V because (Ref. 33)
of the following:

M High strain rate or high rate of load-
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M Tapered load
sharing is assumed:
a pore distributes %
of the load it would
have carried to the
nearest neighbor
and ’ to the next-
nearest neighbor.

B Local failure
configurations are
considered in detail
fora 1-D lattice, and
their probabilities
of occurrence are
determined.

B The distribu-

Fig. 10 — Comparison between Equation 9 (solid line) and data for diffusion

welds in Ti-6Al-4V]

tion function for
strength is esti-
mated with special

ing is conducive to brittle fracture.

M Brittle fracture can more readily
occur in materials with low notch tough-
ness such as high-strength Ti-alloys.

B The presence of flaws such as resid-

ual weld-interface porosity exacerbates
the tendency towards brittle fracture and
leads to variations in strength from one
weld to another.
It is, therefore, a reasonable approxima-
tion to apply a probabilistic failure model
developed for composites to the case of in-
terest here.

The strength model used in this work is
based on the clustering of defects (pores)
and the effect of such clusters on compo-
nent strength. The model, therefore, em-
phasizes the local interaction among de-
fects as eventually resulting in global
failure. To understand just how quickly
pore clustering develops, consider a sim-
ple numerical experiment on a 1-D lattice.
Suppose each point is a welded ligament
or a pore as schematically shown in Fig.
9A. Now consider what happens when
porosity is introduced at random sites with
a probability of occurrence ranging from
0.001 to 0.02. The resulting CDFs showing
the nearest neighbor spacing are shown in
Fig. 9B. It is seen the pore spacing decays
very rapidly as the porosity level increases
and the number of clustered pores goes up
significantly.

The detailed derivation for the
strength model is beyond the scope of this
article but is found in Refs. 31 and 32. The
essential concepts are as follows:

W The diffusion weld is a lattice of in-
tact and broken ligaments; the broken lig-
aments are pores.

H A 1-D row of weld ligaments is con-
sidered with probability p that a weld liga-
ment will be intact (full strength) and
probability 1-p = ¢ that it will be a pore
(nil strength).
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attention to the as-
ymptotic behavior
for large numbers
of ligaments.

The principal result used in this work is
given by Equation 78b from Ref. 31, which
gives the strength of a 1-D lattice in the
asymptotic limit for large lattice sizes.

-In qzéj

failure load o<

S~\q+q/2 (8)
where n is the lattice size of weld liga-
ments, g is the probability of occurrence of
a pore, and § is the solution of a charac-
teristic equation describing certain key
local failure configurations (clustering of
defects).

At some residual porosity level the
weld impact properties approach that of
base metal. For the Ti-6Al-4V diffusion
welds herein, this is experimentally found
to be approximately 0.1%, or g = 0.001.
The quantity of interest is therefore the
failure load in comparison to that of base
material, namely the ratio

0=, [l”("z‘sﬂ 0ot (9)
o=t

This ratio Q is the weld quality as deter-
mined by impact testing and is related
through Equations 10 and 11 to the metal-
lographic weld quality, namely 1-q. Also
note this equation is independent of the size
of the welded area. The result of plotting
Equation 9 against actual data from diffu-
sion welds made in Ti-6Al-4V is shown in
Fig. 10. The material used was AMS 4928
with welding conditions as follows: weld
pressures of 1.379-13.79 MPa (200-2000
1b/in.2), time of 1-3 hours, and tempera-
tures of 871°C-982°C (1600°F-1800°F). It is

seen that Equation 9 models the relation-
ship between metallographic quality and
impact quality reasonably well. The most
significant limitation of the current strength
model is it is 1-D.

Conclusions

This work has extended current mod-
eling approaches for diffusion welding by
implementing the following:

1) A probabilistic framework tracking
the evolution of porosity distributions and
incorporating the effects of weld process
parameters and manufacturing process at-
tributes

2) This modeling framework allows
mechanistically-based pore closure mod-
els to be effectively applied to real manu-
facturing situations

3) The probabilistic pore closure mod-
eling approach realistically describes the
evolution of metallographic weld quality
as observed in manufacturing practice,
namely that as the weld quality improves
the PDF, representing metallographic
weld quality, becomes more narrowly dis-
tributed about its mean

4) A probabilistic failure model is used
to successfully model the relationship be-
tween metallographic weld quality and im-
pact weld quality as measured by fraction
of base metal impact strength

The modeling framework presented
here therefore accomplishes the said ob-
jective of linking weld impact strength and
weld process attributes through a proba-
bilistic treatment of the evolution of
porosity distributions. The approach is
general and may be used with any pore
closure model. Future work required to
further validate this modeling approach
includes additional experimental verifica-
tion and utilization of other pore closure
models such as those by Derby and Wal-
lach (Refs. 11-14) and Hill and Wallach
(Ref. 15). Additionally, a method of ex-
tracting 2-D and 3-D surface topography
parameters directly from measurements is
desirable, going beyond simple notions of
R, and capturing higher dimensional fea-
tures of real surfaces. Other uses for the
model include performing various trade-
off studies. For example, for a certain re-
quired level of weld quality, a constrained
optimization problem examines tradeoffs
between pressure, temperature, time, and
surface finish.
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Appendix

A Concise Overview of the
Monte Carlo Method

The Monte Carlo method of statistical
trials was invented at Los Alamos Na-
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Fig. A1 — Flowchart of Monte Carlo computa-
tional approach.

tional Laboratory (Refs. 34, 35) to solve
complex physical problems in an era be-
fore powerful computers. The method as-
sumes the existence of a set of random
numbers and a set of probabilities de-
scribing the occurrence of given events.
Suppose there are j such discrete events,
cach with probability of occurrence p;. If
we assume at least one of these events
must occur, then

J
p, =1
=1 (A1)

If the probabilities are arranged on the in-
terval [0,1], and if we choose a random
number r on the same interval, then the
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Monte Carlo method assumes event j is
“selected” if

n=1 n=1 (A2)

This is also known as a “roulette wheel”
method of selection.

In this work, we take the limit as the bin
size or the width of the slots on the
roulette wheel get very small and the dis-
tribution of probabilities on the interval
[0,1] becomes continuous. Then, for a
given random variable X, we assume the
value X™ is selected for the calculation if

JING B

for a given random number r*

X" is chosen if
r* = CDFy(X") (A3)

The flowchart in Fig. Al schematically
shows what happens after the selection
process. The value of X* is taken as an
input to the problem, e.g., the ODE de-
scribing pore closure. In that case, the
final pore diameter X/ is the output. The
selection process is then repeated and a
new final pore size is calculated and so on.

This is repeated for N trials, and M runs
of N trials are done to get adequate aver-
aging statistics. The PDF for the final pore

size Xf* is assembled by tabulating the M
histograms from each run and averaging
them. This can be repeated for various ini-
tial pore size distributions and values of
the process variables to completely char-
acterize the way in which the final pore
size distribution evolves as a function of
manufacturing process attributes. Al-
though the case shown here is for only one
random variable, the more general case of
multiple random variables can also be
handled by the Monte Carlo method. For
example, pressure, temperature, and even
material properties could all be repre-
sented by distribution functions in the
same manner as initial pore size.
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