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Analytical Approximéte Solution for Double
Ellipsoidal Heat Source in Finite Thick Plate

Analytical approximate solutions for double ellipsoidal heat sources in finite thick
plate have been derived and calibrated with the experimental data
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ABSTRACT. This work describes the detailed derivation of the
analytical approximate solution for a double ellipsoidal density
heat source in finite thick plate. This has shown that the solution
of the heat source can be effectively used to predict the thermal
history of the thick welded plate as well as weld pool shape geom-
etry and various welding simulation purposes once the parame-
ters of the heat source have been calibrated. This approximate so-
Iution can be directly used for welding simulation of finite thick
plate without the need for implementing the mirror method as re-
quired in a semi-infinite body. Hence, it can be used as a poten-
tially convenient tool for solving many problems in thermal stress
analysis, residual stress analysis, and microstructure modeling of
multipass welds, and others.

Introduction

The temperature history of welded components has a signifi-
cant influence on the residual stresses, distortion, and hence the
fatigue behavior of welded structures. In order to obtain a good
prediction for residual stress and distortion in welded joints and
structures, an appropriate heat source is needed for that purpose.

Goldak et al. (Ref. 1) first introduced a three-dimensional (3-
D) double ellipsoidal moving heat source and used finite element
method (FEM) to calculate the temperature field of a bead on
plate. He had shown that the 3-D heat source could overcome the
shortcomings of the previous 2-D Gaussian model in order to pre-
dict the temperature of the welded joints with much deeper pen-
etration. Nguyen et al. (Ref. 2) has recently developed a closed
form analytical solution for this kind of 3-D heat source in a semi-
infinite body and showed that this solution can be used for weld
pool geometry prediction (Ref. 2) and for the calculation of resid-
ual stresses in a bead-on-plate weld (Ref. 3). However, the recent
heat source solution is still limited to the semi-infinite body and
one has to use the mirror image method when applying the solu-
tion for finite plates. This makes implementation of the solution
a tedious task, especially for some complicated geometries.

In this paper, an analytical approximate solution for double el-
lipsoidal heat source in finite thick plate has been derived and cal-
ibrated with the experimental data.

Theoretical Analysis

Temperature Field Solution Based on Green’s Function for
Instantaneous Point Source

Let us consider heat quantity dQ(x), ¥, z), #') acting instanta-
neously at time t' at point (x'y'z') in infinite body. The infinitesi-
mal rise in temperature due to this point heat source d7T(x,),z,t') at
point (x,),z) and time ¢ in infinite body has been well established
(Ref. 4) as
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where dT(x,y,z ') is an infinitesimal rise in temperature due to the
point heat source dQ(x'y'z\'), p and ¢ are mass density and spe-
cific heat, k is heat conduction coefficient, and a is thermal diffu-
sivity (a = k/cp).

Subsequently, the temperature field 7(x,y,z¢) at time ¢ for this
point heat source dQ(x'y'z\#)) can be obtained as
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where T, is the initial temperature; Ginf(x,y,z,t;x',y',z',t‘) is the
Green’s function solution for the point source of unit magnitude
in the infinite body, which is the temperature at point (x,,z) and
time ¢ due to the instantaneous point source located at (x\y'z') at
time #' and obtained as the solution to the heat conduction equa-
tion (97/0t = aV2T) as

Ginf (%,y,2,8;x',y',2', 1 )dt'= 1
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Based on Equation 2, the temperature field for any kind of heat
source [line heat source (1-D), surface heat source (2-D), or vol-
ume heat source (3-D)] in infinite body can be obtained by carry-
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Fig. 1 — Double ellipsoidal power density distributed heat source.

Fig. 2 — Single ellipsoidal heat source in a finite thick plate.

ing out the corresponding line, surface, or volume integration. For
a volume distributed heat source with heat density Q(x\y'z\¢') the
temperature field in infinite body would be

T(X,y,Z,t)—T(,:I”jM
Vo pe

‘Ginf(x)y)Z,f;x',y',Z',t')dx'dy'dz'dt' (4)

Note that this solution is based on Green’s function for a point
heat source in an infinite body. If a volume heat source in a finite
body is considered, a new Green’s function for a point heat source
in the finite body that satisfies the Neumann boundary condition
of zero heat density (d7/dn = 0 where n is the normal direction)
across its boundary surfaces should be adopted as
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where Gﬁn(x,y,z,t;x,y,z,t') is the Green’s function for point heat
source in finite body.

Approximate Approach for Temperature Field
Subjected to Volume Heat Source in Finite Body

It can be seen from Equation 5 that exact solutions for various
kinds of heat sources in a finite body can be obtained if the Green’s
function for the point heat source in that particular body is known.
However, the Green’s function for the point heat source in a finite
body would be expressed in a much more complicated form than
that in an infinite body. Therefore, finding an analytical solution
for Equation 5 would become an almost impossible task.

An alternative approximate approach to compensate for the
Neumann boundary condition when dealing with a finite body is
to keep using the same Green'’s function for the point source in an
infinite body but replacing the heat source in an infinite body by
the effective heat source Q,x(x'y'x'¢") in the finite body. The ef-
fective heat source should produce the same amount of heat input
into the finite body as the original heat source would in an infinite
body. This means that the amount of heat transferred in the whole
infinite body now would rather be contained only in the finite

body. Subsequently, Equation 5 becomes

I(x,y,2,0)-T, :mjw
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This approximate approach based on Equation 6 is reasonable
as it is based on the two following assumptions:

1) The principle of conservation of energy for total heat input
in infinite and finite bodies.

2) There is an insignificant effect of Green’s functions for a
point heat source in infinite and finite bodies on the shape of the
distribution of the temperature field.

An example of deriving the exact conduction-only solution and
approximate solution for the single ellipsoidal heat source in a
semi-infinite body based on the above analysis is given in Appen-
dix A. It has been shown that the Green’s functions for point heat
source in a semi-infinite body and a finite body do not change the
shape of the temperature field, i.e., assumption 2 is correct in the
case of a semi-infinite body.

Therefore, in this paper, this approximate approach has been
implemented to obtain the analytical solution for a double ellip-
soidal heat source in finite thick plate based on Equation 6.

Ellipsoidal Heat Sources and Their Approximate
Solution for Finite Plate

Goldak’s Ellipsoidal Heat Sources in Semi-Infinite Body

Single Ellipsoidal Heat Source

Goldak et. al. (Ref. 1) initially proposed a semi-ellipsoidal heat
source in which heat density is distributed in a Gaussian manner
throughout the heat source’s volume. The heat density Q(x,,z) at
a point (x,),z) within the semi-ellipsoid is given by the following
equation:
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Fig. 3— Specimen for transient temperature measurement.

Fig. 4 — Calculated transient temperatures in comparison with the measured
ones.

where a;, by, and ¢, are ellipsoidal heat source parameters as de-
scribed in Fig. 1 (cjr = ¢, = ¢p); x,),z are moving coordinates of
the heat source; Q(x,),z) is heat density at a point (x,y,z); V and I
are welding voltage and current, respectively, and n is arc effi-
ciency.

Goldak’s Double Ellipsoidal Heat Source

Practical experience with the single heat source showed that
the predicted temperature gradients in front of the arc were less
steep than the experimentally observed ones, and gradients be-
hind the arc were steeper than those measured. To overcome this,
two ellipsoids were combined and proposed as a new heat source
called “double ellipsoidal heat source” as shown in Fig. 1 (Ref. 1).

Since two different semi-ellipsoids are combined to give the
new heat source, the heat density within each semi-ellipsoid are
described by different equations. For a point (x,),z) within the first
semi-ellipsoid located in front of the welding arc, the heat density
equation is described as

2 2
ke 3 3?3z

Qfx.y,2) = f( | ®
ahbhchfﬂf Chf ah bh

and for points (x,),z) within the second semi-ellipsoid covering the
rear section of the arc as

2
6\/ 3er exp _3L____ ©)
ahbhchbn'\f LZZ b&

where a,, by, Chps and ¢y, are ellipsoidal heat source parameters as
described in Fig. 1, Q is the heat input (Q = n/V), ryand r, are pro-
portion coefficients representing heat apportionment in front and
back of the heat source, respectively (r; + r, = 2).

It must be noted here that due to the continuity of the volu-
metric heat source, the values of Q(x,),z) given by Equations 8 and
9 must be equal at the x = 0 plane. From that condition, another
constraint is obtained for ryand ry, as ryfcy,r = ry/cy,. Subsequently,
the values for these two coefficients are determined as r; =
2epyf (Cpp + Cpp)i 1y = 26/ (Cpp + Cpp)-

It is also worth noting here that this double ellipsoidal distrib-
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ution heat source is described by five unknown parameters: the
arc efficiency n and four ellipsoidal axes parameters, a, by, cpps
and ¢y;,. Goldak et al. (Ref. 1) implied there is equivalence be-
tween the source dimensions and those of the weld pool and sug-
gested that appropriate values for ay, by, ¢, and ¢, could be ob-
tained by direct measurement of weld geometry.

Effective Single Ellipsoidal Heat Sources in Finite Thick Plate

Single Ellipsoidal Heat Sources in Finite Thick Plate

Let us consider a single ellipsoidal heat source in a finite plate
of width 2B, length 2L, and thickness D. The local coordinate of
the heat source (O'x'y'z') is constructed so that its axes are paral-
lel to the fixed coordinate of the finite plate (Oxyz) as shown in
Fig. 2 where origin O' is located at O'(x,),z).

Based on Goldak’s heat source in a semi-infinite body, the sin-
gle ellipsoidal heat source in finite plate is assumed to have the
similar form but deferent maximum heat density magnitude as

, . , 3xl2 3 l2 32'2
Qeﬁ(x ,¥'2') = Opaxexp| - -2 (10)
2 2 2
o 9 h

Furthermore, assuming that heat convection and radiation are ig-
norable due to the short time of welding in a quiet air environ-
ment, the conservation of energy in the finite plate requires that

L-x Biy D 2 12
20 =200 exp —3%—%— 327 d'dy'dz’ (11A)
—L-x-B-y0 n a, h
or
L—-x 2
3x' ,
Qszax J‘ 24 __2
—-L-x p
B-y 12 D 12
. J. exp _3y2 y'Jexp —32—2 dz' (11B)
-B-y 4, 0 hi

Equation 11B can be further simplified using the error function
definition and rearranged for Q,,,, as
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Fig. 5— Effect of a;, on the weld pool geometry. A — Top view of the weld pool;

B — longitudinal cross section of the weld pool.
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Fig. 6 — Effect of by, on the weld pool geometry. A — Top view of the weld pool;
B — longitudinal cross section of the weld pool.
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Fig. 7 — Effect of ¢yt on the weld pool geometry. A — Top view of the weld
pool; B— longitudinal cross section of the weld pool.
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Substituting Equation 12 into Equation 10 gives the heat density
equation for the proposed single ellipsoidal heat source in the fi-
nite plate as

2 2 2
240\ 3exp| 253" 327
2 a? b?
Qgﬁ(x',y‘,z')= _ h h h_ (13)
ﬂw"‘n:ahbhch erf| =
Ch
(L—x)\f 3 (L +x)\/g
o erf + erf]
Ch Ch
(B—y)\f“3 (B+y)\f‘3
o erf] +erf
ap ap

Analytical Approximate Solution for Single Ellipsoidal Heat Source
in Finite Thick Plate

Let us consider a finite plate of width 2B, length 2L, and thick-
ness D as in Fig. 2 again. The approximate solution for the single
ellipsoidal heat source in this finite thick plate is based on the ap-
proach described in the section titled “Approximate Approach for
Temperature Field Subjected to Volume Heat Source in Finite
Body.” Substituting Equations 3 and 10 into Equation 5 and re-
arranging the variables gives

t L—x 2 2
— Qmuxdt‘ 3x' (x - x‘) ,
T(x,y,z,t)—To —".—3/ J. _—z_m
0 pc[47ra(z—t' )] -L-x h
B—
. ’ exp _i__(y—y')z y‘-j‘)exp _ﬁ__(z—z')z dz' (14A)
“B-y afl da(t—1') 0 b}% da(t-t)
or
t 1
T(x,y,2,0-T, = Omaxdt Slulslp  (14B)
0 pc[4n'a(t—t' )]
where
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Fig. 8 — Experimental setup for specimen fabrication and data acquisition. A — Welding system for specimen fabrication; B — data logging system using

WeldPrint software.
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Integrals I;, I, and I, can be solved using the error function no-

tation as
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Substituting Equations 12 and 15A-C into Equation 14B and sub-

sequently simplifying gives
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Fig. 9 — Comparisons between the measured and the predicted weld pool
shape. A — Top view of the weld pool shape; B — transversal cross section of

the weld pool.
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Finally, substituting x = x — v¢' (for the moving heat source with
constant speed v inx-direction) to Equations 16A and B gives the
final approximate solution for the moving heat source in a finite

thick plate as

3@Q

T(x,y,z,t)-T, = =
pemNT

E(L,x-vt,c,)eE(B,y,a,)®E(D,z,by,)

t

f f
0 N»lza(r—t')mj \/12(t— £)+b} N»‘12a(r—f)+a,f

o2 2 2
eoxp| — 3x—vt)” 3y _ 3z

L2a(t-1)+c; 12a(t—1)+a; 12a(t—t)+b;

dr (17)

It is worth noting here that the approximate solution obtained
for the moving single ellipsoidal heat source in finite plate as given
by Equation 17 is of the similar form as that obtained earlier by
Nguyen et al. (Ref. 2) for the heat source in semi-infinite body, ex-
cept for the error function correction terms [E(L, x-vt'), E(B,y),
and E(D,z)] due to plate length, width, and thickness, respectively.

Effective Double Ellipsoidal Heat Sources in Finite Plate

Double Ellipsoidal Heat Sources in Finite Plate

Let us now consider that the heat source consists of two quar-
ters of different ellipsoids as shown in Fig. 1. Following a similar
procedure as described in the previous section for the single el-
lipsoidal heat source, density equations are obtained for the front
and back half of the double ellipsoidal heat source, respectively as

follows
— 2 2 2
2407\ exp| — 2332
2 a’ b2
Vo hf h h
Of op(x,¥,2') = ¢ — =
n’\/n’ahbhchferf Dy3
h
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— 2 2 2
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% i
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Fig. 10 — Macrographs of the welded specimens. A — Weld bead cross section VIB; B— weld bead cross section U2B; C — top view of the weld pool VI1B; D
— top view of the weld pool U2B

where ry and r,, are proportion coefficients representing the heat
apportionment in front and back of the double ellipsoidal heat
source, respectively, and ry +r, = 2. Applying the continuity con-
dition of the volume heat source for the plane x' = 0, the values
of the heat density given by Equations 18A and B must be equal.
Subsequently, the values of rand r, can be evaluated as

2eyy 8| ext (L-x)N3 ¢ (L+x)\/g
Ch Chy
rp=r / / = (19A)
o] (L3 | (a2
Chf Chf
+cpy, @ erf (L—x)\/g +erf (L+x)N3
Chb Chb
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It is worth noting here that this double ellipsoidal heat source for
finite plate is described by five unknown parameters, which are
the arc efficiency coefficient, 1, and four other geometric para-
meters of the heat source: ay, by, ¢;p and ¢y,

Analytical Approximate Solution for Double Ellipsoidal Heat Source in
Finite Thick Plate

An analytical solution for the double ellipsoidal heat source is
obtained by substituting heat density Equations 18A and B into
Equation 5 and following a similar procedure as described in the
section titled “Analytical Approximate Solution for Single Ellip-
soidal Heat Source in Finite Thick Plate.” The transient temper-
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ature for an arbitrary point (x,),z) in a finite plate of length 2L,
width 2B, and thickness D, subjected to the double ellipsoidal heat

source is given as

3430
2pc7t«/;

T(x,y,2,t)=T, =

3y2 3z2
exXp| — 5~ 5
12a(t—1)+aj, 12a(t—1)+b
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rfE(L,x -t \Chf )exp[—M]

12a(t -1 )+cjy

Jl2a(r—t‘)+cﬁf
3(x—vt')> J

12a(t—1)+ch,

o dt' (20)

nE(L,x—vt ,chb)exp[—
+

V12a(t—1)+cp,

where E(L, x-vt, chf), E(L, x-vt, ¢y,), E(B, y, ay), and E(D, z, by,)
are given by Equations 16B-D, respectively.

Solution for Ellipsoidal Heat Sources in Dimensionless Form

The solution obtained for single and double ellipsoidal heat
sources as shown in Equations 17 and 20 can be expressed further
in much simpler dimensionless form by introducing the following
dimensionless parameter variables as recommended by Chris-
tensen’s method (Ref. 5):
® Dimensionless coordinates: & = vx/2a, y = vy/2a, { = vz/2a
® Dimensionless time: T = v2(t-t')/2a
* Dimensionless heat source parameters: ua = va,/(2a\6), u;, =

vb,/(2aV6), u. = ve,/(2a6), U = vchf/(Za\/(S), and u,, =

Vchb/ (261\/ 6)
® Dimensionless finite plate parameters: plate length, / = vL/2a;

plate width, b = vB/2a, and plate thickness, d = vD/2a
¢ Dimensionless temperature: © = (1-1,)/(T,~T,) where T, is the

reference temperature

® Christensen’s operating
n = Qvl(4nape(T-T,))
Substituting these parameters into Equations 17 and 20 and
simplifying gives the following dimensionless form of the solutions
for single and double ellipsoidal heat sources in finite plate, re-
spectively, as

parameter (Ref. 5):

0 1

U e B ) eelby el L)
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ol \‘/1'+u62f (22)
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2(t+uy)
+
L \/T+u§b ]

where /, b, and d are dimensionless length, width, and thickness of
the plate /I =Lv/(2aN6), b =Bv/(2a\6) and d =Dv/(2aV6)];
T =V?/2a and & = v2’/2a are the dimensionless time variables;

and e(l, &€, uy), e(L&-E, uy), e(b, v, u,),and e(d, §, u,) are the
correction terms for finite plate in dimensionless form as follows:
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verf of Ucf (£-&)

ucf\/; 'J;\/T+uczf
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Results and Discussion

Numerical Procedure

In this study, a numerical procedure was applied to calculate
the solution for the transient temperature field as described by
Equations 16B-D and 20 for the double semi-ellipsoidal distrib-
uted heat source. A Fortran77 computer program was written to
facilitate the integral calculation in Equation 20 and to allow for
rapid calculation of geometry of the weld pool based on the as-
sumed melting temperature of 1520°C for mild steel. Using this
program, the effects of various heat source parameters (ay, by, ¢,
and ¢y;,) on the predicted weld pool geometry were investigated.
The following material properties for high-strength steel were
used for the calculation: heat capacity, ¢ = 600 J/kg/°C; thermal
conductivity, k = 29 J/m/s/°C; density, p = 7820 kg/m3 (Ref. 4).
Welding parameters used for calculation are voltage, U = 26 V;
current, I = 230 A; welding speed, v = 30 cm/min, and arc effi-
ciency,n = 0.8.

Transient Temperature Results

Using the above described numerical procedure, transient
temperatures of three selected points A, B, and C in a square steel
plate 240 x 240 x 20 mm (as shown in Fig. 3) have been calculated
and compared with the test results. The parameters of the double
ellipsoids used for the calculation were estimated based on their
relationship with the weld pool geometry measured after welding
and calibrated with the measured temperature history. The best-
fit values of the heat source parameters obtained for these test
specimens are a;, = 7 mm, b, = 2 mm, ¢ = 7 mm, ¢, = 14 mm.
More details about the test specimens and temperature measure-
ment are described elsewhere (Ref. 2).

Figure 4 shows a comparison between the calculated transient
temperatures at A, B, and C and the measured ones based on the
above-described heat source parameters, correspondingly. It can
be seen from this figure that the calculated transient temperatures
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are in good agreement with those measured in terms of both
trends and magnitude. The predicted temperatures for weld toe
point A shows steeper slope in cooling cycles compared with the
corresponding measured temperatures. However, for point B the
agreement between temperature slopes in the cooling cycles is
quite reasonable. The predicted and measured temperatures at
point C are in excellent agreement and the numerical results also
show its kink point due to the corner position of point C as ob-
served by the test.

If more sets of calibrated data are available, the relationship
between the double ellipsoidal heat source parameters and the
welding parameters such as U, I, v for a particular set of base and
welding materials can be established and used for future heat
source and welding simulation. This means that the approximate
analytical solution for the developed heat source in finite thick
plate can be used to simulate the transient temperatures of more
complicated welding paths once the heat source parameters can
be reliably predicted from the welding parameters for the associ-
ated welding materials and welding conditions.

Simulated Weld Pool Results

In this work, a parametric study was carried out for various
geometric parameters of the heat source to evaluate their influ-
ence on the simulated weld pool. Material properties and welding
parameters were the same, as indicated in the section titled
“Goldak’s Ellipsoidal Heat Sources in Semi-Infinite Body,” and
kept unchanged for all simulations.

Figure 5A and B shows the effect of the heat source parame-
ter a;, on the top view of the weld pool shape and its longitudinal
cross section, respectively, while other heat source parameters are
kept unchanged (b;, = 2 mm, c;r = a;, mm, and c;,/cr = 2). Fig-
ure SA shows that as a;, increases from 1 to 5, the shape of the weld
pool becomes shorter and fatter, i.e., its length decreases but its
width increases. However, as g, increases beyond a certain value
(a, > 5 mm), the weld pool becomes shorter and thinner.

This behavior of the heat source can be explained by the na-
ture of the distributed heat source. This means that the higher the
value of a;,, the weaker the heat density becomes. At the lower val-
ues of a;, (a;, < 5 mm), when the corresponding heat density is still
high enough, the width of the weld pool increases as a,, increases
and the weld pool length decreases for the same amount of heat
input. At a higher value of a;, (a;, > 5 mm), the heat density de-
creases substantially and the same heat input will result in a lesser
amount of melted metal, i.e., the smaller size of the weld pool.
However, Fig. 5B shows the size of the weld pool in longitudinal
cross section decreases as a;, increases, i.e., the pool depth de-
creases as a,, increases.

Figure 6A and B shows the effect of the heat source parame-
ter by, on the top view of the weld pool shape and its longitudinal
cross section, while other heat source parameters are kept un-
changed (a;, = 5 mm, ¢;r = 5 mm and ¢j,/c;,r = 2). It can be seen
from that figure that as b, increases from 1 to 8 mm, the pool
length and width, as well as the weld pool depth, decreases. The
effect of b;, of the heat source in finite plate on the weld pool
geometry here is found much more pronounced than that of the
heat source in semi-infinite body reported elsewhere (Ref. 2).

Figure 7A and B shows the effect of the heat source parame-
ter ¢, on the top view of the weld pool shape and its longitudinal
cross section, while other heat source parameters are kept un-
changed (a;, = 5 mm, b, = 2 mm, and c,/c;, = 2). It can be seen
from Fig. 7A that as ¢y increases from 1 to 10 mm, the weld pool
width decreases, but its length increases while the weld pool depth
decreases as in Fig. 7B. The increase in weld pool length is more
pronounced at its front half than at its back half. The decrease in
weld pool width is at a much lower magnitude. The behavior of
the top view of the weld pool shape subjected to the ¢;¢is reflected
on its longitudinal cross section as shown in Fig. 7B.



Calibrated with the Measured Weld Pool

In this section, it will be shown that there is an alternative for
establishing useful relationships between the double ellipsoidal
heat source and the welding parameters, i.e., by calibrating the
shapes of the measured and predicted weld pool using the heat
source numerical solution. Similarly, once these relationships are
established, the heat source parameters can be calculated from
the welding parameters for a particular material and welding
process and then be used for the welding simulation on the basis
of the heat source solutions derived in this work.

Welding Specimens. Two different sets of gas metal arc (GMA)
welding parameters were used to fabricate different shapes of
weld bead that were run on top of the central line of two mild steel
plates of 375 x 320 x 10 mm. A moving table with controlled trav-
elling speed (v) was set up under the welding gun of a GMAW ma-
chine. The welding system used for specimen fabrication and data
acquisition is shown in Fig. 8A and B, respectively. The welding
parameters, voltage (U), current (I), and welding wire feed rate
(Vfeea) are controllable and monitored by means of a software
called WeldPrint, which has been developed by the School of Elec-
trical and Information Engineering, University of Sydney. The gas
used for both sets of specimens was 100% CO, with a flow rate of
15 L/min. The welding parameters for two sets of specimens V1B
and U2Bare U =319V, I =110.7A,v =59 mm/s; and U = 24.9
V,I=169.9 A,andv = 10.5 mm/s, respectively, while the wire feed
rate was kept the same at v, = 300 in./min (127 mm/s).

Calibrated Results. Figure 9A and B shows comparisons be-
tween the measured and predicted data of top view of the weld
pool shape on welded plate and its transversal cross section for
both sets of welded specimens. The shapes of the weld pool and
weld bead transversal cross section were measured directly from
macrographs (as shown in Fig. 10) by means of a Windows®-
based data collection program. The predicted data were calcu-
lated using the following heat source parameters for V1B and
U2B specimens, which provide the best fit with the measured data.
¢ For the V1B specimen: ¢, = 1 mm, b, = 6 mm, ¢, = 7 mm, ¢y,

= 15mm,n = 0.85
® For the U2B specimen: a;, = 1 mm, b, = 3 mm, ¢y = 5 mm, ¢y,
=10 mm, n = 0.85

These parameters were successfully selected based on the in-
formation of their effect on the weld pool geometry reported ear-
lier. The heat transfer material properties used for the calculation
were selected for mild steel (Ref. 6) as k = 40 J/m/s/°C, ¢ = 639.4
J/kg/°C, and p = 7820 kg/m3.

Figure 9A shows very good agreement between the measured
and the predicted weld pool shape for both sets of welded speci-
mens V1B and U2B, which represent two levels of heat input per
unit of length ¢ (¢q=UIn/v) of 0.589 kJ/mm and 0.368 kJ/mm, re-
spectively. It also shows that as the heat input, g, decreases the top
view of the weld pool becomes shorter and narrower.

Figure 9B shows very reasonable agreement between the mea-
sured and the predicted shape of the weld bead cross section for
both V1B and U2B. Figure 9B also shows that the depth of pen-
etration increases as the welding current increases (from 110.7 to
169.9 A) despite the fact that the level of heat input g decreases
(from 0.589 to 0.368 kJ/mm). This means that the effect of the
welding current on weld bead penetration is stronger than that of
the heat input per unit of length.

Conclusions

Analytical approximate solutions for single and double ellip-
soidal heat sources in finite thick plate have been derived and suc-
cessfully calibrated with the test results. The solution for the dou-
ble ellipsoidal heat source in finite thick plate was used to
calculate transient temperatures at selected points in a steel plate

A

as well as carrying out the parametric study of the simulated weld
pool. Very good agreement between the calculated and measured
temperature data has been obtained and it has been shown that
the predicted weld pool can be calibrated with the measured one
by selecting suitable heat source parameters.

Once the relationships between the heat source and welding pa-
rameters can be established either by calibration with the measured
temperature history or weld bead profile measurement, these can be
effectively and conveniently used for various welding simulation pur-
poses without the need to use the mirror method as required in the
semi-infinite body. This solution could be used as a convenient tool
for many problems in thermal stress analyses, residual stress analy-
sis, and microstructure modeling of multipass welds.
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Appendix A: Derivation of the Exact and
Approximate Solution for Single Ellipsoidal
Heat Source in Semi-infinite Body

Exact Solution

Let us consider a single ellipsoidal heat source (Equation 10 in
the main text) located in surface z = 0 of semi-infinite body as in Fig.
1, the exact solution for the temperature field based on Equation 5
as described in the section titled “Temperature Field Solution Based
on Green’s Function for Instantaneous Point Source” as

T(x,y,z,t)-T,
! = 2 2 12 12 12
:Qmaxjdtvjdxvj'dylj'exp_:‘}x _3_)7 _32
pc C2 a2 b2
0 —oo —oo 0 h h "
.Gsemi—inf(x)y)Z)t;x';y'rZ')t')dZ' (Ala)

where Q,,,,=6V3-Q/a;b,c,m\n for semi-infinite body and
Q,na=3\3-0la;,bc;m\ nor infinite body;
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Substituting A1b for Ala and rearranging gives
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then Equations A3a and A3d can be simplified further as
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Substituting Equations A4a to A4d into Equation A2 and simpli-

fying gives
T(x,y,2,0)-T _ Omaxnbncn
V.2, 0
pc
2 2 2
exp| - 3x - 3y - 3z . i
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Substituting the value Q,,,,,=6V3-Q/(a,b,c,m\'m) for semi-infinite
body into Equation AS and further simplifying gives

3430

T(ny;Z,t)—To = I
pcrN T
2 2 2
exp| - 3x B 3y - 3z . i
! 12a(t=t)+c, 12a(t-t)+a, 12a(t-1)+b,

h
.

| (A6)

2
h
0 \12a(t—1)+a} \12a(t—1)+ b} \12a(t—1)+c}

This is the exact solution for a single ellipsoidal heat source in the
semi-infinite body derived by using the respective Green’s func-
tion for a point heat source.

Approximate Solution Using the Effective Heat
Source and Green’s Function for a Point Heat
Source in an Infinite Body

Now let us consider the same single ellipsoidal heat source in
a semi-infinite body but try to solve it by using the approximate
approach as described in the section titled “Approximate Ap-
proach for Temperature Field Subjected to Volume Heat Source
in Finite Body” in the main text of this paper, according to which
the approximate solution for this heat source is given by Equation
6 as

Q -
t)— Ta _ Xmax,semi inf

T(x,y,z,
pc

Lo o 2 2 2

, . , 3x 3 37

far Jae [ Jo 2502020

0 - —o 0 Ch ap bj,
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where Qmax, semi—inf = —Q (A7b)
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Similarly, substituting A7b and A7c to A7a and rearranging gives

t
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0 pc[47m(t—t’)]

o 12 4 2 o 12 .y 2
o] exp 3T (=X)L [ exp 3T =)
- ‘3;2, 4a(t—t’)_ - a}f da(t-t')

o 12 _ 12
o[{exp| -2 =2V g

) b}% 4a(t-1)

Substituting Equations A4a to A4c and A7b into Equation A8
and simplifying gives

3\EQ[1 +erf(w, )]
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perN T
exp| - 3x? 3 3y 2 3 322 i
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Equation A9 gives the approximate solution for the single ellip-
soidal heat source in a semi-infinite body. It is worth noting here
that the temperature field given by the approximate solution is in-
creased by a factor of (1 + erf(w,)) compared to that given by the
exact solution as in Equation A6 where

th
w, =
\da(t—t )\/12a(t—t' )+b;

The value of error function erf(w,) becomes zero (erf(wy)=0)
when z =0, i.e., the approximate solution becomes the exact one
at the surface of a semi-infinite body. In general, the value of error
function varies between 0 and 1 (0 < erf(wy) < 1) and for a cer-
tain time (7-¢’) it increases as z increases, i.e., the approximate so-
lution would overpredict the temperature field in the thickness di-
rection.

It is worth noting here that the shape of the temperature field
in a semi-infinite body obtained by the approximate approach is
the same as that by the exact solution.
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